77; Johnson and Petrone, 1998; Henning et al., 2000) . We use the term "synergy" to describe the interactions between assets existing within a given firm that results in IGG, independently of a business combination.
The objectives of this study are: (1) To use an accounting-based valuation approach to address the problem of non-additivity between assets in place in valuing a firm; (2) To propose a method that can implement such an approach empirically by measuring synergies between assets; (3) To demonstrate the explanatory power and properties of this approach. To this end, we estimate synergies between asset subsets held by firms across an industry sector. We apply synergy estimates to measure the market valuation of firms' differential ability to combine assets productively and relate this to near-term operating performance.
Other valuation models generally rely on forecasting future cash flows, e.g., the discounted cash flow (DCF) model, or abnormal earnings, e.g., the Ohlson RIM (1991; 1995) . These models use an additive function that appropriately aggregates cash flows or earnings but is not able (and does not attempt) to aggregate the market value of assets in place because accounting arithmetic does not capture synergies between assets. We propose an alternative accountingbased valuation approach that differs from the RIM in that it focuses solely on asset values, such that it is possible to fully reconcile firm value with the firm's assets. In this study we intend to present the basic operation, as well as some key properties, of such a non-additive valuation approach.
In valuation, "the choice of the aggregation function to be used is far from being arbitrary and should be based upon properties dictated by the framework in which the aggregation is performed" (Grabisch et al., 2009, p. 11) . Importing the concept of Choquet capacities (Choquet, 1953) , which are non-additive measures 2 , from other areas of literature (see, e.g., the field of expected utilities : Gilboa, 1988; Schmeidler, 1989; Wu and Gonzalez, 1999) , we are able to model the value of different combinations of assets and assess how much they contribute to enterprise value.
Empirically, the relevance of our approach can be assessed in two different settings which rely on two different types of data: (1) firm valuation with assets at fair value which is interesting conceptually but suffers from several drawbacks including the difficulty of finding an appropriate benchmark model, a limited sample size because accounting standards only require estimation of assets' fair values after a business combination, and the difficulty of 2 Non-additivity is different from non-linearity, which has been covered in past research (e.g., Yee, 2005) . Nonadditivity can take into consideration the effect of a combination between any subsets of assets, whereas nonlinearity does not.
replicating the approach; and (2) firm valuation with assets at book value which enables larger samples and facilitates replication. In this paper, we implement the second approach with book values 3 . We make several adjustments to book values to better reflect internally generated intangible assets such as technologies and brands.
We use a sample drawn from the U.S. "Capital Goods" industry under the Global Industry Classification Standard (GICS four-digit 2010). We examine seven potential interactions between three (adjusted) asset classes obtained from a typical accounting balance sheet presentation: tangible assets, intangible assets and current assets. We empirically determine the interactions between assets in place, captured by Choquet capacities, on the basis of three subsamples classified by their level of growth options as proxied by their market-to-book ratio.
We find that when firms generate normal profits and have no growth options, i.e., the rate of return equals the cost of capital so that book value equals market value, they present an additive asset structure (no synergy between assets). We document that intangible assets and combinations of intangible assets with other assets are the main drivers of differences in growth options in the Capital Goods industry.
We also document that our technique can be used to measure firms' productive efficiency relative to the average firm in the industry. As our approach relies on a form of "accounting production function" and industry and size are two key characteristics of production functions, we consider two homogeneous subsamples based on size (large vs. small firms) in the Capital Goods industry. We estimate key parameters for each of these two subsamples and predict enterprise values. The predicted enterprise values are based on average efficiency or "Choquet capacities" for the industry and firm-specific assets. Higher current enterprise values than predicted enterprise values indicates above-average efficiency, whereas lower current enterprise values than predicted enterprise values indicates below-average efficiency. We then compute the difference between current and predicted enterprise values. This is viewed as the market's assessment of the relative productive efficiency for each firm, i.e., its ability to combine assets to generate economic benefits relative to the average firm in the industry. We then test the association between our measure of efficiency with operating cash flows and sales growth over the three years following the valuation date. Our results indicate that, for large firms, our measure of firms' productive efficiency is positively associated with future cash flows, and that, for small firms, efficiency is positively associated with future sales growth. 3 We have also estimated the approach using fair values resulting from the disclosure of purchase price allocations for a sample of 100 firms. Results provide evidence that the non-additive approach can estimate synergies on smaller samples. Results are available upon request.
Finally, we compare the association of our measure of firms' productive efficiency with a simpler approach based on firms' market-to-book ratio. We argue that the non-additive approach is a superior indicator of firms' ability to combine assets efficiently.
We make several contributions to existing literature. Firstly, we propose an original valuation approach based on measurement of the value of a structured set of assets. This is an attempt to address theoretically and empirically an aggregation issue identified several decades ago (Miller, 1973) , which has been theoretically investigated by Hodgson et al. (1993) and Gibbins and Willett (1997) . In particular, Hodgson et al. (1993) , who argue that all accounting numbers are statistical in nature, address the aggregation issue through Statistical Transaction Theory and consider the effect of interactions between assets. Our technique extends this line of research, as it empirically captures the interactions between assets in place. The technique involves estimation of the average interactions -the Choquet capacities -for a sample of peer firms, which are subsequently applied to the individual firm's asset structure. A breakdown of enterprise value is facilitated by identifying and adding values for specific interactions (synergies or inhibitions) between subsets of assets to the existing assets' book values. Given the interaction estimates, this non-additive approach requires only balance sheet data. Therefore, the approach can be used in different contexts: to value private firms for which cash flows and earnings forecasts are typically unavailable; or before a business combination, to examine whether it would create value. Secondly, our approach offers an explanation of firm performance based on measurement of management's capacity to combine assets efficiently. Our technique, which measures average underlying interactions between assets in an industry, is able to proxy for the market assessment of firms' above-average or below-average ability to combine assets efficiently.
The remainder of this paper is organized as follows. Section 1 provides background on the aggregation issue in accounting, and explains our research objectives. Section 2 describes the research design, and demonstrates how Choquet capacities address the aggregation issue in accounting-based valuation models. Section 3 describes the data and sample used to implement our approach. Section 4 presents the empirical results and analysis, and specifically the relationship between the non-additive approach and growth options, and the ability of the approach to measure firm-specific productive efficiency. Section 5 concludes this study.
THE AGGREGATION ISSUE IN ACCOUNTING-BASED VALUATION MODELS

Internally Generated Goodwill
Internally generated goodwill (IGG) reflects the aggregation issue in accounting. IGG is generally not recorded in the accounting system and exists independently of any business combination. However, it becomes part of the recognized accounting goodwill when the firm is acquired. The price paid by the acquirer often exceeds the book value of the target's net identifiable assets. Using a bottom-up perspective (Johnson and Petrone, 1998) , i.e., starting from the book value, in accordance with Henning et al. (2000, p. 376) , the resources acquired that are not reflected in the target's accounts but which have some value for the acquirer include (see Figure 1 ):
1. Excess of the fair values over the book values of the target's recognized net assets, and fair values of other net assets not recognized by the target (e.g., intangible assets) (Johnson and Petrone, 1998) , in practice generally resulting from "revaluation" ( in Figure 1 ).
2. Fair value of the "going concern" element of the target's existing business, also called "internally generated goodwill" (Ma and Hopkins, 1988, p. 77) or "going-concern goodwill" (Johnson and Petrone, 1998; Henning et al., 2000) ( in Figure 1 ).
3. Fair value of synergies arising from combining the acquirer's and target's businesses and net assets. This is often called "combination goodwill" (Johnson and Petrone, 1998, p. 296) or "synergy goodwill" (Henning et al., 2000) ( in Figure 1 ). 4. Overvaluation of the consideration paid by the acquirer and overpayment (or underpayment) by the acquirer (Johnson and Petrone, 1998) . This last component is referred to as "residual goodwill" by Henning et al. (2000) ( in Figure 1 ). This paper focuses on component  of Figure 1 , which can be considered as pre-existing goodwill that was internally generated by the target. The value of this goodwill is "entirely dependent on the business as a going concern, with all of its assets interacting and combining with one another to earn the overall profit" (Lee, 1971, p. 319) . Figure 1 summarizes the breakdown of the purchase price paid by the acquirer. The sum of components ,  and  represents the total goodwill, also called purchased goodwill or accounting goodwill (component Ⓕ in Figure 1 ). Ijiri (1975, p. 93) observes that "goodwill presents a serious aggregation problem because the value of the whole is not necessarily equal to the sum of the values of its parts", adding that this has been one of the oldest issues in accounting, discussed by Yang (1927) , Canning (1929) and Paton and Littleton (1940) , and in later periods by Gynther (1969 ), Miller (1973 and Gibbins and Willett (1997) . It is important to distinguish between goodwill which is the result of asset interactions reflecting this aggregation issue, and other separately identified intangible assets such as patents or technologies (please see Figure 1 , see also Hodgson et al., 1993) .
Insert Figure 1 About Here
Research Objectives
Statistical Transactions Theory (STT) addresses the aggregation issue related to the reconciliation between the total market value of a list of assets and the sum of their individual market values (Willett, 1987; Hodgson et al., 1993) . In the STT framework goodwill is viewed as the expectation of a random variable reflecting synergistic costs defined as the value at which several cost elements would be disposed of or purchased jointly minus the value at which such cost elements would be disposed of or purchased separately (Gibbins and Willett, 1997) .
Application of STT requires access to specific information about costs and probabilities that would be difficult to obtain in practice.
In line with the representation faithfulness perspective, the objective of this study is to introduce a non-additive approach to address the aggregation issue and explain how it can be applied empirically.
Firm Valuation and Non-Additive Aggregation: General Approach
In order to create value, managers must deliver performance in excess of investors' required rate of return (the firm's cost of capital). If managers create value, enterprise value exceeds the total value of assets in place. The opposite holds true if managers are expected to generate a level of performance inferior to investors' required rate of return. Therefore, enterprise value (EV) generally differs from book value (BV):
This general property of enterprise value and its relationship to cash flows mean that individual asset values are of little use in firm valuation, at least in an additive aggregation function. A firm made up of several interdependent assets cannot therefore be appropriately valued simply by summing the individual values of those assets. Ohlson (1995) demonstrates that enterprise value can be related to the value of a firm's assets in place (BV) 4 by adding the present value of expected abnormal earnings (super-profits): (2) where BVt = book value of equity at date t, = abnormal earnings for period t, and R is 1 + the discount rate.
The expected present value of required future cash flows equals the book value of assets in place, while the present value of abnormal earnings (super-profits) is interpreted as the value of interactions. This can be written as follows:
where Interactionst (which can be positive or negative) is the expression of the present value of expected abnormal earnings and are not allocated to specific asset subsets (or interactions of subsets).
As Gibbins and Willett (1997, p. 161) note, to avoid the aggregation problem it is necessary for the sum of the individual market values of a list of resources to have the same total value as the market value of the set of the same resources taken together. To allow the value of the sum to be equal to the sum of values, a term representing possible combinations between elements of the resource set can be included in the analysis (Vickrey, 1975) .
Alternatively, we suggest using a different aggregation function -AF(.) -which can fully reconcile enterprise value with the value of its assets in place such that:
where BVt is a set of interacting assets.
In the next section, we show how relying on non-additive, i.e., super-(or sub)-additive, aggregation functions offers a relevant approach to assess the synergistic effect between assets and to reconcile EV with the value of assets in place. We also illustrate the explanatory power of such a valuation approach. We introduce certain mathematical concepts before presenting non-additive aggregation for firm valuation.
4
The Ohlson model assumes fair value accounting and clean surplus accounting.
THEORY AND RESEARCH DESIGN
Unsuitability of the Additivity Concept
Accounting valuation models should rely on aggregation functions with "'desirable' aggregation characteristics," i.e., reflecting synergistic relationships between assets (Ohlson and Zhang, 1998, p. 86) . Financial reporting is traditionally viewed ex ante as an input for investment decision making (valuation) and ex post for stewardship purposes (monitoring managers) (Beyer et al., 2010) . From the perspective of representation faithfulness, relaxing the additivity postulate is necessary to solve the aggregation issue mentioned by Miller (1973) and Gibbins and Willett (1997) . In the balance sheet, the financial accounting system relies on an additive aggregation function, which is appropriate for reliability, but inappropriate for accounting-based valuation models using the values of assets in place. Financial accounting assumes, for the sake of reliability, that the value of a set of n assets can be obtained by adding together the individual values of its n components, i.e., enterprise value equals the sum of the individual values of each asset.
This standard financial arithmetic implicitly adopts the mathematical notion of a "measure". This approach to valuation places specific constraints on the view of the organization, and assumes there is no interaction between economic resources (assets). For instance, in the case of a firm using three assets A, B, and C, the representation in financial accounting is shown by Figure 2A .
Insert Figure 2 About Here
In the representation, it is implicitly assumed that assets A, B, and C do not interact with each other. The assumption underlying the standard additive accounting model is that the sum of the fair values of each asset is equal to the overall fair value of all assets taken together. To preserve the structure of economic reality by representing interaction between assets, other specifications of measure are required. This is generally achieved by relaxing the additivity property. This leads us to use Choquet capacities, which we describe next.
5
The notion of "measure" is widely used in financial accounting and is different from the concept of "measurement" (Willett, 1987, p. 156 , see footnote 1).
An Enterprise as a Structured Set of Assets
The accounting additivity property is based on the assumption that the monetary value of different items is independent of their manner of combination. However, it is inappropriate in the case of a structured, purpose-oriented set of assets that make up an organization (Casta and Bry, 2003) . "The optimal combination of assets (for example: brands, distribution networks, production capacities, etc.) is a question of managerial know-how and a key factor in the creation of intangible assets. This is why the importance of a particular item in a set may vary depending on its position in the structure" (Casta and Bry, 2003, p. 169) . Its interaction with the other items may be the source of value creation, to the extent that the overall value of a set of assets may exceed the sum of the individual assets' values.
To reconcile individual fair values with the overall value of the firm, it is necessary to use other "measures" that model interactions between the assets of a firm and reflect the intensity of the relationship between sub-sets of assets. Consider a firm having a structured set X of three assets A, B, and C. We can graphically represent P(X), the power set of X (i.e., all possible combinations), in order to analyze the potential interactions (neutrality, synergy, inhibition) between the three assets (see Figure 3A) . The change between Figure 2A and Figure 3A can be seen as mapping from the accounts-based representation to the non-additive representation of every possible interaction.
Insert Figure 3 About Here
As the actual structure of the economic reality is unknown, the most general form is assumed in the numerical representation, which exhibits every possible interaction between the three assets A, B, and C. At each node of the lattice, the interaction between two or three components can be reflected through the non-additive measure µ (defined below). The function µ captures the nature of the interaction between two or more assets. In other words, this function must offer special attributes for modelling (1) neutrality, (2) synergy, and (3) inhibition between assets. Casta and Bry (1998; 2003) suggest using Choquet capacities (Choquet, 1953) instead of m as the non-additive measure µ. Choquet capacities are a generalization of the measure concept as they allow non-additive aggregation.
Choquet capacities respect a property called "monotonicity", meaning that "adding a new item to a combination cannot decrease its importance" (Marichal, 2002, p. 3). 6 This is a less constraining property than the additivity presented above. For two assets A and B, Choquet capacities can behave as follows, depending on the modelling requirement:
The definition of Choquet capacities requires the measures of all subsets of X to be specified, that is to say 2 n -1 capacities to be estimated. This makes it possible to identify all the interactions between a set of assets.
8
The Choquet aggregation stems directly from the capacities presented above. It is a generalization of the aggregation to non-additive measures.
9
This approach allows non-additive aggregation of a set of assets where interactions between sub-sets of assets create (or destroy)
value.
Firm Valuation under a Non-Additive Approach
The graphic illustration (see Figure 3 ) inspired by Murofushi and Sugeno (2000) provides a detailed presentation of the firm valuation method using the Choquet aggregation.
Graphic illustration of the additive approach (Figure 2B).
A firm has three assets A, B, and C ranked in order of increasing value. The fair values of these three assets are 100, 150, and 250 respectively. They can be represented by an increasing simple function f. The shaded area represents the overall fair value of the firm's assets under the additive approach. The standard valuation approach requires computation of the area below the curve. The additive aggregation (equation (5)) of this simple function of assets is:
6 Let us assume two assets, individually worth 100 and 50. Monotonicity means that the value of the combination cannot fall below 100, i.e., the largest amount. This property can be relaxed empirically, allowing the value of the combination to take numbers below 100.
7
If X consists of n items, the number of items in P(X) is equal to 2 n (including the empty set).
8
In a Statistical Transaction Theory approach, Hodgson et al. (1993, p. 143 ) similarly refer to the concept of "improper synergy elements", which represent the various possible ways of combining the proper elements, i.e., the elements composing a set of assets. Hodgson et al. (1993, p. 143) consider the number of ways of partitioning a set of elements into nonempty sets following a Stirling number of the second kind.
where VAd represents the overall fair value of the assets based on the additive aggregation, Si is the subset (combination) i of assets, si the (fair) value of the subset Si and m(Si) is an additive measure of Si, representing the length of the intervals (see Figure 2B ).
Graphic illustration of the Choquet capacity-based non-additive approach (Figure 3B).
We now value the same firm, taking into account interactions between the assets using Choquet capacities. A learning process for estimating these capacities within a given industry is presented in the next section, but first let us assume that the capacities (i.e., each ) are known for this set of assets.
The Choquet capacities of the set of assets A, B, and C in this simplified example are: 
, and (B) are required, etc.
Compared with the additive approach, the non-additive method illustrated in Figure 3B can be seen as an extension (in the case of synergy) or contraction (in the case of inhibition) of the x-axis length of the area associated with every fair value difference below the curve (i.e., the measure m(.)). To represent the value of this structured set of assets graphically, the interaction value between assets A, B, and C (i.e., the synergy of 33%) is expressed by an extension of the x-axis length of the area associated with the 33% fair value difference for the three assets (i.e., from 3 to 4) resulting in the hatched area below the curve in Figure 3B . Furthermore, the inhibition between assets B and C is represented by a contraction of the x-axis length of the area associated with the 25% fair value difference between assets B and C (i.e., from 2 to 1.5) resulting in the dotted area below the curve. Hence, the new curve reflects the synergies and inhibitions between assets as expressed in Figure 3B .
The overall value of the firm calculated by a non-additive aggregation operator is equal to the shaded and hatched area below the new curve (in bold), i.e., the value of the Choquet aggregation. The capacities weigh the fair value differences for each combination of assets.
The value of the Choquet aggregation (equation (6) 
where VC represents the valuation based on the Choquet aggregation and µ(Si) is the Choquet capacity of the subset Si.
In this illustration, both the synergies between the assets A, B, and C, and the inhibition between assets B and C are recognized. This leads to a new value of 575 for the firm (compared to only 500 with the additive approach).
10
Estimation of Choquet Capacities 11
It is necessary to define the value of 2 n -1 coefficients (S) where S represents one subset among all the possible subsets (combinations) of assets. Similar to Grabisch et al. (2008) , we suggest an indirect econometric method based on a regression model to estimate the coefficients. Determining the Choquet capacities (the 2 n -1 coefficients) involves a problem for which many possible solutions have been put forward (Grabisch et al., 2008) . We propose a specific estimation method using a sample made up of firms for which we have an estimate of the firm's market value and the individual (book) value of each item in the set of assets. 10 Grabisch (1996, p. 451) offers a simple example of high school students' grades where Choquet aggregation is explained as an average procedure that is capable of taking interaction between different high school subjects into account.
11
This subsection is partly based on Casta and Bry (2003) , with several new developments.
Since asset fair values are generally not disclosed, we use asset book values to address the issue of unrecognized intangible assets empirically.
For a sample of firms described by their overall enterprise value EV and a set of assets X, let f be the function assigning every subset S its monetary value s for each firm s S f  :
. We define EV (the Enterprise Value) as:
C(f) is the value of the Choquet aggregation and results from an analysis of asset interactions within the underlying activities.
The aim is to determine a set of Choquet capacities µ using a statistical procedure relying on market estimates of EV. We view market estimates as potential transaction costs for the set of activities, and do not assume perfect competition and a complete market (Gibbins and Willett, 1997) .
Let S be a subset of P(X) and gS(f) be the function called generator, relative to the subset S (when the assets have been ranked in value-increasing order) and defined as:
The additive aggregation and Choquet non-additive aggregation can then be written as in equations (9) and (10), respectively:
Thus, according to equations (7) and (10) for a given sample, we can write the following econometric model, where for firm j:
where (S) is now a parameter and  is a residual which must be minimized in the estimation.
The dependent variable is the enterprise value EV. The model given above is linear with 2 n -1 parameters: the (S) for all the subsets S of P(X). Using equation (11) are the generators for each S corresponding to the value of the subsets of P(X). A standard OLS regression provides the estimation of these parameters, i.e., the required set of capacities.
Empirically, for each firm and subset S in P(X), we first compute the corresponding generator under equation (8). In the discrete case, the generator functions are merely the differences between the value of assets i+1 and i ranked by assets' values. Next, to implement the model, for a sample of firms, we regress the enterprise value (dependent variable) on the generator functions (independent variables) for each subset of assets. The estimated coefficients are the Choquet capacities.
SAMPLE AND DATA Our model is based on measuring interactions between assets. As interaction between assets can vary from one sector to another, we focus on a specific economic sector where synergies are likely to vary from one firm to another: the Capital Goods industry. It is important to balance sample size and homogeneity in a given sector, therefore we collect data for firms classified in the Capital Goods industry as defined by the Global Industry Classification Standard four-digit code GICS = 2010 (there are a total of 24 Industry Groups in the GICS classification). We collect data from COMPUSTAT North America over the period 1994 to 2014. Observations with missing variables are dropped from the sample. All continuous variables are winsorized at 1% and 99% to mitigate the effects of outliers. Our total sample is composed of 1,054 firms and 9,264 firm-year observations. To implement the model, we group the identified assets into three broad classes: current assets (CA: accounts receivable, cash and cash equivalents, other current assets, tax assets), tangible assets (TA: PP&E, other tangible non-current assets) and intangible assets (IA: acquired brands, patents, etc.). Other classifications of assets could be used (e.g., business units, cash generating units). We make several important adjustments to these classes of assets.
Firstly, we remove cash and cash equivalents from current assets because cash is not an operating asset and there is little reason to expect that cash will interact with other asset classes. For the sake of consistency, we also subtract cash and cash equivalents in computing EV. Secondly, given the importance of unrecognized intangible assets, we also adjust intangible assets (IA). We include in IA an R&D capital asset computed as the past five years of R&D expenses assuming an annual amortization rate of 20% (Lev et al., 2005; Hirshleifer et al., 2013) . Using a similar logic, we also include in IA an Advertising capital asset computed as the past five years of advertising expenses assuming an annual amortization rate of 20%. Thirdly, we remove acquired (booked) goodwill from intangible assets for two reasons: (1) acquired goodwill was amortized until 2001 and subsequently tested for impairment (FASB, 2001b) which would lead to an inconsistent treatment of goodwill in our sample as it spans the period 1994-2014, (2) acquired goodwill potentially captures combination synergies between acquirer and target firms and IGG from purchased firms (see Figure 1 ), which we want to capture with the Choquet capacities.
Any synergies within a class of assets are captured by the coefficient on subsets of assets composed only of one individual class of assets (CA, TA and IA). For example, synergies between two intangible assets would lead to a greater capacity for that particular class of assets.
13
Enterprise value is defined as market value of equity plus total liabilities minus cash and cash equivalents at the end of the fiscal year. Panel A of Table 1 presents the descriptive statistics for the full sample and subsamples based on size (large firms vs. small firms based on the median amount of total assets). Panel B presents descriptive statistics for the subsamples based on growth options (market-to-book ratio). We define the market-to-book ratio as enterprise value divided by adjusted total assets (= CA + TA + IA) instead of market value of equity divided by book value of equity, since our valuation model focuses on an asset-side approach that computes enterprise value as a non-additive aggregation of assets. Thus, our computation of the market-to-book ratio is similar to the notion of Tobin's Q.
Insert Table 1 About Here
Panel A of Table 1 shows that the mean (median) market-to-book (EV/A) ratio is 1.84 (1.28) and is associated with a mean (median) IGG representing 16.8% (22.4%) of enterprise value. Mean (median) current assets account for 46.5% (45.7%) of total assets while tangible and intangible assets account for 29.5% (26.7%) and 13.0% (7.8%) respectively. The mean (median) Operating cash flows is -0.01% (6.8%) of total assets, and the mean (median) sales growth is 13.7% (6.8%). Table 1 indicates that firms have different characteristics depending on their market-to-book ratio. Firms with a market-to-book ratio below 0.90 have small but positive operating cash flows (mean operating cash flows of 1.2%) and lower sales growth relative to other firms (mean sales growth of 2.2% vs. 13.7% from Panel A in the full sample). Conversely, firms with a market-to-book ratio above 1.10 exhibit negative operating cash flows (mean 13 We acknowledge that working at a high level of aggregation (i.e., only the three classes CA, TA, and IA), means it is not possible to distinguish between a lower capacity between the classes and the possibility of individual assets within a class inhibiting the value of assets in another class. operating cash flows of -2.2%) and strong sales growth (mean sales growth of 18.3%). Firms that have a market-to-book ratio between 0.90 and 1.10 theoretically provide a return on assets close to investors' required rate of return, i.e., their ROA should be close to their (weighted average) cost of capital. The results will show that firms in the latter subsample have an underlying additive asset structure leading to limited or no interaction between assets.
Panel B of
EMPIRICAL RESULTS
Descriptive Statistics for Explanatory Variables: Generator Functions
We compute generator functions under equation (8) The other generators are equal to 0.
14 Table 2 reports descriptive statistics for generator functions for the total sample, calculated in the same way as in the above example of Boeing, then scaled by total assets to standardize generators for the seven possible subsets (see above in Section 2 "Research Design") and avoid estimated capacities being driven by large firms alone. For example, Table 2 shows that the mean (median) subset of assets composed of tangible assets and current assets is 16.4% (14.9%) of total assets. In the case of Boeing, the same subset of assets (generator gTA,CA) would represent 11,399 / (8,095 + 19,494 + 65,074) = 12.3% of total assets.
14 Only three generators and three capacities are computed for each firm, since there are only three classes of assets. In the example of Boeing, IA < TA < CA, hence the computation of g TA,CA,IA , g TA,CA and g CA . For the sake of simplicity, the example uses Boeing's assets unadjusted (as reported). We use adjusted assets for estimation purposes.
Insert Table 2 About Here
Estimation of Choquet Capacities
Under the "learning" process presented in Section 2 and equation (11), the following equation is estimated for the whole sample in order to estimate the Choquet capacities:
All variables are scaled by total assets. We do not include a constant in equation (12) because enterprise value is assumed to be equal to a (non-additive) combination of assets.
Adding a constant would imply that enterprise value is associated with a constant factor across firms, independent of firms' assets. We make the assumption that the value of a firm with no assets is zero. Estimation of the set of Choquet capacities for the sample is reported in Table 3 . Table 3 shows the estimated values, standard errors and p-values of Choquet capacities representing the value in the structure of every subset of assets for the full sample and the three subsamples based on the market-to-book ratio. The adjusted R² is reported although it has limited relevance in a regression without an intercept. 15 We interpret the estimated capacities in the next paragraph.
Insert Table 3 About Here
Interpretation of Estimated Capacities
With three assets (TA, CA, and IA), we can explain the economic meaning of a capacity in the following way for the full sample (generators are scaled by total assets): -(TA) = 3.198 means that an increase in tangible assets representing 1% of total assets would contribute to an increase in enterprise value representing 3.20% of total assets; -(CA) = 1.977 means that an increase in current assets representing 1% of total assets would contribute to an increase in enterprise value representing 1.98% of total assets; -(IA) = 6.535 means that an increase in intangible assets representing 1% of total assets would contribute to an increase in enterprise value representing 6.54% of total assets; 15 As explained above, we assume that a firm with no asset has a (non-additive) value of zero. This is also consistent with the nature of the Choquet's integral according to which the value of the empty set is zero. However, the validity of this assumption depends on our adjustments to firms' unrecognized assets.
-(TA, CA) = 2.690 means that an increase in tangible assets combined with current assets representing 2% of total assets would contribute to an increase in enterprise value representing 2.69% of total assets; -(CA, IA) = 7.258 means an increase in current assets combined with intangible assets representing 2% of total assets would contribute to an increase in enterprise value representing 7.26% of total assets; -(TA, IA) = 9.022 means that an increase in tangible assets combined with intangible assets representing 2% of total assets would contribute to an increase in enterprise value representing 9.02% of total assets; -(TA, CA, IA) = 5.809 means that an increase in tangible assets combined with current assets and intangibles assets representing 3% of total assets would contribute to an increase in enterprise value representing 5.81% of total assets.
The estimated capacities can also be considered in terms of the marginal contributions of a particular subset to enterprise value. For two firms with the following asset structure (TA, Table 3] The enterprise value of firm 2 would be 6.54% of total assets higher than the enterprise value of firm 1. The same analysis can be performed for all the other combinations (e.g., (TA, CA, IA) = 5.809 means that the marginal contribution to enterprise value of investing 1% in each of a combination of TA, CA and IA is 5.81% of total assets.
The estimated capacities for our three subsamples exhibit very different patterns. For the subsample of firms with a market-to-book ratio close to one (between 0.90 and 1.10), the underlying asset structure is different from the industry's average structure: estimated capacities exhibit an additive case, i.e., when the Choquet capacities are additive, as illustrated in Figure 3 . Firms in this subsample do not generate positive interaction, nor do they generate negative interaction between their assets.
Conversely, capacities estimated for the subsamples that have a market-to-book ratio below 0.90 and above 1.10 exhibit specific non-additive underlying asset structures. The capacities of stand-alone assets estimated for firms with a market-to-book ratio below 0.90 are lower than one, meaning that the marginal contributions of these subsets of assets to enterprise value are insufficient to recover their individual cost. In particular, the estimated capacities are lowest (0.36) for intangible assets, indicating that intangible assets fail to contribute significantly to enterprise value. For firms with a market-to-book ratio below 0.90, current assets have an estimated capacity of 0.72, which is the highest for single asset classes in this subsample and is consistent with the cash-type nature of these assets (e.g., accounts receivable).
The value of the combination between TA and IA is also much lower for this subsample of firms relative to the other firms: only 1.10 vs. 9.02 in the full sample.
Firms with a market-to-book ratio above 1.10 exhibit a strikingly different pattern. First, the most valuable asset class appears to be IA with an estimated capacity of 9.10. These firms also exhibit very strong combinations between IA and CA and between IA and TA, with estimated capacities of 10.64 and 12.67, respectively.
Overall, the results show that the variation across the market-to-book ratio range is predominantly explained by the capacities of two subsets: intangible assets (estimated capacities for IA range from 0.36 to 9.10) and the combination of intangible assets and tangible assets (estimated capacities for (TA, IA) range from 1.10 to 12.67).
The Non-Additive Valuation Model and Firms' Productive Efficiency
We assess the ability of our non-additive valuation approach to capture firm-specific productive efficiency in combining assets. The approach relies on a form of accounting production function. Industry and size are two important characteristics of production functions. Therefore, we consider two homogeneous size-based subsamples in the Capital Goods industry: Large Firms are defined as firm-year observations with total assets above the median, and Small Firms are defined as firm-year observations with total assets below the median. This leads to two subsamples of 4,632 (= 9,264/2) firm-year observations (see descriptive statistics in Panel A of Table 1 ). We estimate equation (12) for these two subsamples. The estimated coefficients, i.e., the Choquet capacities, provide the average productive efficiency for each type of observations, i.e., the market participants' assessment of firm-year observations' average capacity to generate economic benefits with a set of financial resources. Next, for every firm-year observation in the two subsamples, we compute the difference between:
(1) Current market value of the firm at fiscal year-end, and (2) The value of the firm based on the average productive efficiency in the industry for each type of firm-year observation (estimated Choquet capacities for the appropriate type of firm-year observation) and its firm-specific set of assets:
where EVi,t is the current enterprise value for firm-year observation i at the end of fiscal year t and _ , _ , is the predicted enterprise value given the estimated Choquet capacities and firm-year observation i's assets for a large (small) type of firm-year observation.
Efficiency captures the market assessment of each firm-year observation's specific productive efficiency relative to the average ability of firms in the industry to combine assets to generate economic benefits. This efficiency is likely to be persistent, because learning how to combine assets efficiently to generate economic benefits takes time. Lev et al. (2009) document that organization capital is associated with five years of future operating and financial performance. They refer to Evenson and Westphal (1995, p. 2237 ) to define organization capital as "the knowledge used to combine human skills and physical capital into systems for producing and delivering want-satisfying products". We reason that our measure of productive efficiency based on the non-additive approach is likely to be correlated with organization capital, i.e., the ability to "convert resources into outputs" resulting in "supernormal performance" (Lev et al., 2009) . Therefore, productive efficiency should also be positively associated with future realized operating performance.
We focus on two measures of operating performance: operating cash flows and sales growth. Operating cash flows is a core measure of operating performance but strong operating cash flows may only be realized after a given time period once the firm has reached sufficient maturity, depending on its business model and business cycle. Therefore, we also look at future sales growth capturing the potential ability to generate cash flows in later periods. This is particularly important for small firms which are more likely to be at earlier stages in their life cycles than larger firms.
We thus analyze future operating cash flows and sales growth for the three years following the valuation date. We analyze only three years of future performance in order to limit the loss of observations for our sample, which spans the period 1994-2014 (e.g., observations for t+3 are lost for observations from 2012). We estimate the following OLS model separately for large and small firm-year observations:
OCFi,t+k or ∆SALEi,t+k = b0 + b1Efficiencyi,t + b2OCFi,t or ∆SALEi,t + b3SIZEi,t + Year fixed effects + εi,t (14) where:
= net operating cash flows in t+1, t+2 and t+3 divided by total assets in t;
= percentage change in sales computed for t+1, t+2 and t+3;
Efficiency i,t = Efficiency_Larget or Efficiency_Smalli,t measured with equation (13) depending on the appropriate firm type; SIZE i,t = natural logarithm of total assets in t.
If our approach adequately captures observed productive efficiency, we expect Efficiency to be positively associated with future performance and b1 to be positive and significant. We include operating cash flows in fiscal year t (OCFt) and sales growth in fiscal year t (∆SALEi,t)
to control for autoregressive tendency. We also include firm size (SIZEi,t) which is likely to affect future performance. We include year fixed effects to control for business cycles.
Estimation results are presented in Table 4 .
Insert Table 4 About Here
Panel A of Table 4 shows that for large firms Efficiency is positively associated with future cash flows in t+1, t+2 and t+3 (significant at less than 5% or better, two-sided). Panel A also indicates that Efficiency is positively associated with future sales growth in t+1, t+2 and t+3 (significant at less than 5% or better, two-sided). These results indicate that the market assessment of these firms' superior efficiency is realized in the form of higher future operating cash flows and stronger future sales growth.
Panel B of Table 4 presents the same analysis for less mature small firm-year observations.
On average, for small firm-year observations, Efficiency is negatively associated with future operating cash flows in t+1, t+2, and t+3 (significant at less than 5% or better, two-sided) but positively associated with sales growth in t+1 and t+2 (significant at less than 5% or better, two-sided). These results indicate that the market assessment of these firms' efficiency is not realized within three years, as operating cash flows are significantly lower for more efficient firms, but future performance is expected to be realized in later periods. The significant positive association between Efficiency_Small and sales growth in t+1 and t+2 indicates that the market assessment of small firms' efficiency is associated with operating cash flows that will be realized in later periods, when these above-average growth firms reach maturity.
To assess how well the non-additive approach can estimate efficiency, we compare this approach with a simpler technique based on market-to-book ratio, which might be used to identify over-or under-efficient observations. Following the literature on the Tobin's Q ratio (e.g., Servaes, 1991; Custodio, 2014) , the market-to-book can also be used to investigate managerial ability to create value with a set of financial resources. We test the association between the market-to-book ratio and future performance with the OLS model (15):
OCFi,t+k or ∆SALEi,t+k = b0 + b1MTBi,t + b2OCFi,t or ∆SALEi,t + b3SIZEi,t + Year fixed effects + εi,t
where:
MTB i,t = market-to-book ratio of equity in t;
The other variables are as previously defined.
We include the same control variables as in model (14). We expect that MTB is positively associated with future cash flows and sales growth and a positive and significant b1 coefficient.
Estimation results are presented in Table 5 for the subsamples of Large firms and Small firms.
Insert Table 5 About Here
Panel A of Table 5 shows that for large firm-year observations market-to-book ratio (MTB)
is positively associated with future cash flows in t+1, t+2, and t+3 (significant at less than 10% or better, two-sided). The market-to-book ratio is also positively associated with sales growth in t+1 and t+2 (significant at less 1%, two-sided). In addition, estimated coefficients b1 on the market-to-book ratio are economically small, ranging between 0.001 and 0.003.
Conversely, Panel B of Table 5 indicates that for small firm-year observations the marketto-book ratio exhibits no significant association with future performance (see insignificant b1 coefficient). In comparison, the non-additive approach (see Table 4 , Panel B) appears better at identifying small firm-year observations with stronger future sales growth than an approach based on the market-to-book ratio. This is consistent with the argument that the non-additive valuation approach proves superior in identifying firms' productive efficiency.
To make meaningful comparisons between the two approaches, we estimate the OLS model (16) that includes our measure of firm efficiency and the market-to-book ratio as independent variables likely to be associated with future operating performance:
OCFi,t+k or ∆SALEi,t+k = b0 + b1Efficiencyi,t + b2MTBi,t + b3OCFi,t or ∆SALEi,t + b4SIZEi,t + Year fixed effects + εt
All variables are as previously described.
We reason that if the non-additive approach shows superior ability to measure firms' production efficiency coefficient b1 would be positive and significant after controlling for the market-to-book ratio. Estimation results of model (16) are presented in Table 6 .
Insert Table 6 About Here
Panel A of Table 6 shows that for large firm-year observations Efficiency is positively associated with future operating cash flows in t+1, t+2 and t+3 (significant at less than 5% or better, two-sided) after controlling for the market-to-book ratio. We document a similar positive association between Efficiency and future sales growth in t+1, t+2 and t+3 (significant at less than 5% or better, two-sided) after controlling for the market-to-book ratio. We also find that after including our measure for efficiency the market-to-book is only marginally associated with future performance in t+1 (see b1 positive and significant at 10%, two-sided, when OCFt+1 is the dependent variable).
Panel B of Table 6 presents the estimation results of model (16) for small firms. We find that Efficiency is positively associated with future sales growth in t+1 and t+2 (significant at less than 5% or better, two-sided) after controlling for the market-to-book ratio of equity.
Overall, the association between Efficiency and future performance is not affected by the inclusion of the market-to-book ratio. We find little evidence that the market-to-book ratio is able to measure productive efficiency among small firm-year observations. MTB is only positively associated with operating cash flows in t+1 (significant at less than 10%, two-sided).
Overall, our non-additive valuation approach measures firms' ability to combine assets relatively to the average firm in the industry. Our measure of efficiency is associated with future operating cash flows (Large firms) or sales growth (Small firms) in a predictable pattern.
Our approach appears to be better able to identify expected relationships between efficiency and future performance than a simpler approach based on the market-to-book ratio.
DISCUSSION AND CONCLUSION
Firms are efficient organizations that combine assets in order to generate synergies creating super-profits. It is thus inappropriate to value a firm made up of several interdependent assets simply by summing the individual values of those assets, because the aggregation function ignores interdependencies. Miller (1973) and Gibbins and Willett (1997) To explain our approach, we study the relationship between market-to-book ratio and estimated Choquet capacities. We estimate our technique for a sample of 9,264 firm-year observations and show that a predictable pattern of association exists between estimated
Choquet capacities and the market-to-book ratio. We also find that our valuation approach is better able to measure a firm's productive efficiency than a simple approach based on the median market-to-book ratio for the industry concerned.
Our approach relies on a limited amount of information and could easily be applied to value private firms for which forecast data is not widely available. It is important to consider the trade-off between the degree of homogeneity of the peer group and its size. The nonadditive model could also be used to analyze the synergies (or redundancies) between multiplebusiness-segment firms as business segment data becomes available (e.g., Compustat segments).
The technique we propose could be refined. It would be possible to analyze further the appropriate level of aggregation at which to examine interactions between assets, such as business units or cash-generating units instead of the three asset classes used in this study. The analysis could also be extended to consider more than three asset classes.
From a conceptual standpoint, estimating the non-additive model by reference to book value accounting is a simplification of fair value. As we consider that the balance sheet correctly represents the stand-alone market value of assets for our sample, the role of synergies may be overstated if there are unidentified intangible assets or, more generally, understated assets (although we make several adjustments for unrecognized intangible assets). This drawback could be overcome by using the fair value estimates disclosed in purchase price allocations (PPAs) under the acquisition method of accounting for business combinations, which has been mandatory since 2002 in the U.S. (FASB, 2001a) . However, the limited availability of PPA data (dependent on an acquisition having taken place, and disclosure of the PPA by acquiring firms) would considerably limit sample size.
The additivity assumption is a stabilized implicit hypothesis that is often unquestioningly accepted in financial accounting. It provides an "invisible" management instrument (Hatchuel and Weil, 1995) that may restrict the way organizations are perceived and managed. By relaxing the additive postulate, this paper not only suggests a new way to value firms but also attempts to broaden the debate on the role of additivity in management. 
GRAPHICAL REPRESENTATION OF THE SET OF ASSETS OF BOEING
For the sake of simplicity, generator functions for P(X), the set of all subsets of assets, are computed in levels. In a second step, they are scaled by total assets. Panel B presents descriptive statistics for assets, operating cash flows and sales growth for the subsamples based on market-to-book ratio. MtoB = (enterprise value -cash and cash equivalents) / (CA + TA + IA -cash and cash equivalents); EV = enterprise value (market value of equity + total liabilities -cash and cash equivalents); A = CA + TA + IA; IGG = Internally Generated Goodwill, i.e., IGG = (market value of equity + total liabilities -cash and cash equivalents -(CA + TA + IA)) / EV; CA = current assets minus cash and cash equivalents; TA = tangible assets; IA = adjusted intangible assets, i.e., intangible assets plus five years of capitalized R&D expense assuming a 20% amortization rate and five years' advertising expenses assuming a 20% amortization rate minus purchased goodwill; Operating Cash Flowst = Net Operating Cash Flowst / At-1; Sales Growtht = (Salest -Salest-1) / Salest-1. Table 2 presents descriptive statistics for generator functions computed with equation (9) and scaled by total assets for the Full Sample. t-statistics are computed with firm-clustered standard errors and are presented in parentheses below each coefficient. ***, **, * Denote significance at the 1 percent, 5 percent, and 10 percent levels, respectively, using a two-tailed test. Table 4 shows estimation results of the association between firm efficiency measured with the non-additive valuation approach and operating cash flows and sales growth computed one to three years after the non-additive valuation date. OCF t+1 = Net Operating Cash Flows in t+1 divided by total assets in t; ∆SALE t+1 = (Sales t+1 -Sales t ) / Sales t . SIZE t = natural logarithm of total assets in t. t-statistics are computed with firm-clustered standard errors and are presented in parentheses below each coefficient. ***, **, * Denote significance at the 1 percent, 5 percent, and 10 percent levels, respectively, using a two-tailed test.
